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Desheng Deng*, Duc Nguyen-Minh
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Abstract
A simple and eﬀective back analysis method has been proposed on the basis of a new cri-terion
of identiﬁcation, the minimization of error on the virtual work principle. This method works
for both linear elastic and nonlinear elasto-plastic problems. The elasto-plastic rock mass
properties for diﬀerent criteria of plasticity can be well identiﬁed based on ﬁeld measurements.
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1. Introduction
In geomechanical engineering, the complexity of rock masses makes the identiﬁ-
cation of their properties very diﬃcult. Even if many rock samples are collected in
situ to determine the mechanical parameters of rock masses in laboratory tests, the
data obtained from these tests with small samples cannot be representative of the
large structure scale [1]. In situ tests seem to be more convenient in obtaining actual
mechanical parameters of rock masses. But in situ tests are generally very costly, and
the results obtained may depend on the location of instruments, especially when a
large underground structure is concerned. These diﬃculties provoke uncertainties in
the input parameters for a numerical model, which often produce a discrepancy
between the prevision and the observation of the real structure. In order to over-
come these diﬃculties, the observational design method is introduced [2] where back
analysis techniques are employed.
* Corresponding author at De´partement CGM—Mines, E´cole Polytechnique de Montre´al, C.P. 6079,
Succ. Centre-ville, Montre´al Qc, Canada H3C 3A7. Tel.: +1-514-340-4711 x5189; fax: +1-514-340-4477.
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Back analysis, or parameter identiﬁcation, is frequently used in geomechanical
engineering [1–5] since the 1970s, for determining the mechanical parameters of rock
masses on the basis of ﬁeld measurements performed during in situ tests, or during
excavation or construction works. In general terms, a back analysis requires the
choice of an objective function, (cost function, or error function), representing the
discrepancy between the quantities u*i measured in the ﬁeld and the corresponding
data ui obtained by the stress analysis of a numerical model [1,3,5]:
F ¼
Xn
i¼1
½uiðPÞ  ui 2
( )1=2
ð1Þ
where n is the number of measurements, P is the vector of unknown parameters.
This function is minimized with respect to the unknown parameters P that govern
the mechanical problem, thus leading to optimal values of the mechanical properties
for the rock masses [6].
The objective function deﬁned by Eq. (1) is a highly nonlinear function of para-
meters P, even when linear elastic structure behavior is assumed. Since an analytical
expression of F cannot be deﬁned, it is very diﬃcult to obtain an analytical evalua-
tion of the function gradients. These properties of the objective function make the
back analysis procedure very costly, especially in elasto-plasticity [7,8].
Indeed, the behavior of the objective function signiﬁcantly aﬀects the eﬃciency of
a nonlinear optimization procedure [1]. In recent years, many eﬀorts are made [9,10]
for new objective functions which make the characterization problem more eﬃcient
with the explicit gradients of objective functions. In the present work, a new criter-
ion of identiﬁcation is established, based on minimization of error on the virtual
work principle, and a back analysis method based on this criterion is proposed.
Attempts are made, in particular, to identify the elasto-plastic rock mass properties.
2. Direct and modiﬁed problems
To present the back analysis method, let consider ﬁrst the direct and modiﬁed
problems.
2.1. Direct problem
A structure occupies a domain X , with border C (Fig. 1). Let suﬃx i be the three
orthogonal directions in space, and exponent d represent given components. The
limit boundary conditions of X can be deﬁned as follows:
ij nj ¼ Tdi on STi
ui ¼ udi on Sui

ð2Þ
with STi
S
Sui ¼  and STi
T
Sui ¼ ; i ¼ 1; 2; 3. Where u and  are displacement
and stress respectively; n is the external normal vector of C ; T is surface force. Let
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T ¼ STi ði ¼ 1; 2; 3Þ be the border with force prescribed and Gu ¼ Sui ði ¼ 1; 2; 3Þ the
border with displacement prescribed.
The initial state (at time t=0) is given as:
u ¼ 0
 ¼ 0

ð3Þ
During a certain time interval [0, tf], the structure is submitted to a known load
history, with
0 n GT ¼ T0

tf n GT ¼ Ttf


ð4Þ
In this time interval, the displacement ﬁeld has to be kinematically admissible with
the limit condition on border Cu:
"
: ¼ 1
2
ðru: þ rTu:Þ
u
:
Gu ¼ u:d

8<
: ð5Þ
and the stress ﬁeld has to be statically admissible with the limit condition on the
border T:
div 
: þ f: ¼ 0

: n GT ¼ T
:
d

(
ð6Þ
where ðÞis derivative with respect to time,  is the mass density and f is the massive
force. To simplify the writing, let suppose
u
:d ¼ 0
f
: ¼ 0

ð7Þ
which is a general case met in geomechanical engineering.
Fig. 1. Direct problem.
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With the constitutive law of material and corresponding parameters known, the
displacement ur, strain r and stress r in domain X at time t=tf can be calculated
by a stress analysis method, for example the ﬁnite element method. According to the
virtual work principle, the following relation is obtained:ð

ðr  0Þ : "r dx 
ð
GT
ðTTf  T0Þur dx ¼ 0 ð8Þ
This equation is always veriﬁed for solutions of the direct problem, ur, "r and r,
whatever the constitutive law of the structure is.
2.2. Modiﬁed problem
In the modiﬁed problem, the structure domain X and its border is deﬁned as
hereinabove, with the initial state (3) and the load history known. But there are
unknown parameters in the constitutive law of the material. Suppose that displace-
ment measurements are obtained on the border uT  T (Fig. 2) during the time
interval [0, tf],
u
:
GuT ¼ u
:m ð9Þ
Thus, in comparison with the direct problem, the limit boundary conditions of the
modiﬁed problem are modiﬁed. The border with displacement prescribed is aug-
mented as Gu
S
GuT, whereas the border with force prescribed is reduced as GT=G
u
T.
The modiﬁed problem can be presented as follows:
"
: ¼ 1
2
ðru: þ rTuÞ
u
:
GuT ¼ u
:m
8<
: ð10Þ
div 
: ¼ 0

: n GT=GuT
 ¼ T: d

ð11Þ
Fig. 2. Modiﬁed problem.
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3. Back analysis method
The objective of the back analysis is to identify the unknown parameters P which
lead to previsions as close as possible to the measurements. Given any values for
unknown parameters P, the solutions of the modiﬁed problem are compatible with
the measurement u
:m on GuT and T
:
d on GT=GuT, but not necessary with the limit con-
ditions of the direct problem on T. In order to tend towards the results of the direct
problem, the solutions of the modiﬁed problem should also satisfy at best the limit
conditions of the direct problem.
To achieve the back analysis, an error on the virtual work principle is deﬁned. At
instant tf, the error is
FðP; u; ";Þ ¼ ½
ð
O
ð  0Þ : "dx 
ð
GT
ðTtf  T0Þudx2 ð12Þ
where u, , and  are solutions (function of P) of the modiﬁed problem at instant tf.
Remind that Ttf  T0 is the external force of the direct problem on T.
The criterion of the identiﬁcation is to minimize the error F, which is the cost
function of back analysis. The principle of back analysis is to look for parameters
satisfying the following equation:ð

ð  0Þ : "dx 
ð
GT
ðTtf  T0Þudx ¼ 0 ð13Þ
which makes the gradients of the cost function F vanish and ensures the minimum of
F. Eq. (13) is the basic equation of the back analysis.
It can be noted that W ¼ ÐOð  0Þ : "dx is the work of internal force of the
modiﬁed problem and
U ¼ Ð GTðTtf  T0Þudx is the work of the external force of the direct
problem on displacement ﬁeld of the modiﬁed problem.
Suppose that the basic Eq. (13) can be presented in the explicit form of parametersP:
F~ ðP; u; ";Þ ¼ 0 ð14Þ
As u,  and  are function of parameters P, that expression provides in eﬀect a
relationship between updated parameter values Pn+1 and the precedent ones Pn:
F~ ½Pnþ1; uðPnÞ; "ðPnÞ;ðPnÞ ¼ 0 ð15Þ
The solution of this equation reminds a ﬁxed-point problem that needs in general an
iterative procedure, which is supposed to converge. As the back analysis is based on
the virtual work principle, this method is valid not only for linear elastic problems
but also for nonlinear elasto-plastic ones. The principle of minimization using gra-
dients of the cost function ensures an eﬃcient back analysis. But as the analytical
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expression of these gradients is not needed, the method is very simple. However, as
one set of measurements (under the same load at a given time interval) gives only
one basic equation, whatever the number of measurements, only one parameter can
be characterized at the same time. Thus, to identify N parameters simultaneously, N
sets of measurements (under diﬀerent loads at diﬀerent time intervals) are needed. If
the parameters to be identiﬁed cannot be expressed explicitly in Eq. (14), this iden-
tiﬁcation procedure is not applicable.
4. Identiﬁcation of parameters
4.1. Elastic moduli
Supposing the domain X is linear elastic isotropic homogeneous, according to the
constitutive law, we have
  0 ¼ Eð1þ Þð1 2Þ ðtr "ÞIþ
E
1þ  " ð16Þ
with E the Young’s modulus,  the Poisson’s ratio, and I the unit tensor. Thus, the
basic Eq. (13) becomes
E
ð1þ Þð1 2Þ
ð
O
ðtr "Þ2dx þ E
1þ 
ð
O
" : " dx  ¼ 0 ð17Þ
From Eq. (17), an iterative procedure can be established for back analysis of the
Young’s modulus E or the Poisson’s ratio . For example, if E has to be identiﬁed,
Eq. (17) gives
E ¼ U

ð1þ Þð1 2Þ
ð
O
ðtr "Þ2dx þ 1
1þ 
ð
O
" : " dx
ð18Þ
If  has to be identiﬁed, it is the positive solution of (17) as a second degree equation of .
Anisotropic and non-homogeneous cases can also be handled in the similar way
by putting the corresponding constitutive law in the basic equation of back analysis.
4.2. Plastic parameters
Consider the material in domain X as elasto-plastic. After resolving the modiﬁed
problem, the plastiﬁed zone X p can be distinguished from the elastic one X e in
domain X , at time t=tf. Thus,
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W ¼ We þWp ð19Þ
with
We ¼
ð
Oe
ð  0Þ : " dx; Wp ¼
ð
Op
ð 0Þ : " dx ð20Þ
Considering the plastic criterion inWp, it is possible to obtain a relationship between
the plastic parameters P and the solutions of strain and stress of the modiﬁed
problem by the basic Eq. (13), so that the parameters P can be identiﬁed. Solutions
for von Mises and Mohr-Coulomb plastic criteria in elastic perfect plasticity are
presented bellow. The same procedure also holds for other criteria of plasticity.
 Von Mises criterion
ð1-2Þ2þð2-3Þ2þð3-1Þ2¼ 2c2 ð21Þ
where 1, 2 and 3 are ordered principal stresses (1 >=2>=3), c is the yield
stress for simple shearing. Let 1, 2 and 3 be the components of strain in the
principal stress coordinates. In order to simplify the writing, let us suppose 0 =0.
From Eq. (21), we have
1 ¼ 1
4
2ð2 þ 3Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4ð2 þ 3Þ2  8½22 þ 23 þ ð2  3Þ2  2c2
q 
ð22Þ
Thus
Wp ¼
ð
Op
 : "dx ¼
ð
X p
ð1"1 þ 2"2 þ 3"3Þdx
¼ 1
2
ð
X p
½ð2 þ 3Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2 þ 3Þ2  2½22 þ 23 þ ð2  3Þ2  2c2
q
"1 dx
þ
ð
X p
ð2"2 þ 3"3Þdx ð23Þ
From the basic Eq. (13), the following equation is derived:
1
2
ð
X p
½ð2 þ 3Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2 þ 3Þ2  2½22 þ 23 þ ð2  3Þ2  2c2
q
"1 dx
þ
ð
X p
ð2"2 þ 3"3Þdx þWe U ¼ 0 ð24Þ
The parameter c can then be obtained from Eq. (24) by dichotomy.
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 Mohr-Coulomb criterion
1
2
ð1  3Þ ¼ c cos’ 1
2
ð1 þ 3Þsin’ ð25Þ
with c the cohesion and ’ friction angle of material. Then we obtain
1 ¼ 2c cos’þ 3ð1  sin’Þ
1þ sin’ ð26Þ
Wp ¼
ð
X p
2c cos’þ 3ð1  sin’Þ
1 þ sin’ "1 dx þ
ð
X p
ð2"2 þ 3"3Þdx ð27Þ
The basic Eq. (13) then gives:ð
X p
2c cos’þ 3ð1  sin’Þ
1 þ sin’ "1 dx þ
ð
X p
ð2"2 þ 3"3Þdx þWe U ¼ 0 ð28Þ
Back analysis of the friction angle ’ needs to solve Eq. (28) by dichotomy. Whereas,
for cohesion c, we have an explicit solution from (28):
c ¼
U We  Ð
X p
½2"2 þ 3"3 þ 3ð1 sin’Þ
1 þ sin’ "1dx
2 cos’
1þ sin’
ð
X p
"1 dx
ð29Þ
This back analysis method works also for identifying elasto-plastic joint parameters
and loading parameters [11,12].
5. Example
Let us consider a deep tunnel without support (Fig. 3) driven in a continuous rock
mass, with homogeneous isotropic initial stress o =20 kPa, and let this problem be
considered as a plane strain problem. For symmetry reason, we consider a quarter
model, representing a tunnel of radius R in the middle of a square zone of
20R20R.
At ﬁrst, a direct calculation is performed with a given constitutive law and corre-
sponding parameters, in order to obtain ‘‘measurement’’ which will be used for the
identiﬁcation problem.
5.1. Identiﬁcation of Young’s modulus
Suppose the rock mass is elastic linear, with Young’s modulus E=100 MPa
and Poisson’s ratio =0.2 for the direct calculation. The tunnel excavation is
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simulated by the principle of convergence conﬁnement method. The displace-
ments on half the tunnel wall in the direct calculation after full excavation are
selected as measurements. Then the Young’s modulus is back analysed by an
iterative process. Fig. 4 shows a good iteration convergence with less 5% dis-
crepancy after 4 iterations with diﬀerent initial guess values of Young’s modulus E.
Fig. 5 illustrates the evolution of error F on the virtual work principle with mod-
ulus to be identiﬁed, and Fig. 6 shows the fast decrease of the error during iteration
process of the back analysis for the initial guess value of E=50 MPa.
Fig. 3. Example, a deep tunnel.
Fig. 4. Iteration convergence of E with diﬀerent initial values.
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5.2. Identiﬁcation of plastic parameter for Von Mises criterion
Suppose the rock mass is an elastic-perfect plastic material with Von Mises cri-
terion. For direct calculation, let the plastic parameter be c=10 kPa. After full
excavation, a plastic zone around the tunnel is developed with a plastic radius
Rp=3.5 R, and the corresponding tunnel convergence Up is 4 times Ue, the con-
vergence of the tunnel if supposed elastic. Using the displacements on half the
tunnel wall of the direct calculation, the parameter c is back analysed with a fast
iteration convergence (see Fig. 7). Due to the large plastic zone, the back calculated
Fig. 5. Evolution of error F with Young’s modulus.
Fig. 6. Decrease of error during back analysis.
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parameter bears an error of 2.5%. To verify the stability of the back analysis, a
noise of 10% is allowed to the measurements, which results in an error of 3.5% on
the identiﬁed parameter.
5.3. Identiﬁcation of plastic parameters for Druck–Prager criterion
Suppose the rock mass is elastic-perfect plastic with Druck–Prager plastic criter-
ion. In the direct calculation, the plastic parameters are given as c=10 kPa and
’=30	. In order to identify two parameters, two sets of ‘‘measurements’’ are calcu-
Fig. 7. Iteration convergence of c (Von Mises criterion) with diﬀerent initial values.
Fig. 8. Iteration convergence of c (Druck–Prager criterion) with diﬀerent initial values.
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Fig. 9. Iteration convergence of ’ (Druck–Prager criterion) with diﬀerent initial values.
Fig. 10. Iteration convergence of c and ’ (Druck–Prager criterion).
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lated. One set corresponds to 60% tunnel excavation with Rp=1.5 R and Up=1.2
Ue, and the other one corresponds to whole excavation with Rp=2.7 R and Up=2.0
Ue. At ﬁrst, only one parameter (c or ’) is back analyzed, and the other one is sup-
posed known, using the displacements on half the tunnel surface of 60% excavation.
Fig. 8 is the back analyzed cohesion c, and Fig. 9 is the back analyzed friction angle
’. After 8–9 iterations, these parameters are identiﬁed within 5% error.
Then two parameters are simultaneously back analyzed, using two sets of ‘‘mea-
surements’’, the displacements on half of the tunnel wall corresponding to 60% and
full tunnel excavation, the parameters c and ’ are back analysed simultaneously.
The iteration convergence for identifying c and ’ are shown in Fig. 10, with the
initial parameter guess values as c=7 kPa and ’=40	. After 20 iterations, these
parameters are identiﬁed with an error less than 5%.
6. Conclusion
A back analysis method based on the virtual work principle is presented with the
establishment of a new criterion of identiﬁcation, the minimization of error on the
virtual work principle. The method is valid for both linear elastic and nonlinear
elasto-plastic problems. In the back analysis, the minimization principle using the
gradients of a cost function is employed, but it is not necessary to obtain the gra-
dients. Thus, the method is very simple and easy to be programmed, and shows to
be eﬃcient and robust. If several sets of measurements are given, the identiﬁcation
of several parameters can be done simultaneously. This paper demonstrates its use
in identiﬁcation of elasto-plastic material parameters, such as elastic moduli, fric-
tion angle and cohesion of rock mass. The numerical example illustrates the iden-
tiﬁcation of rock mass in a tunnel excavation problem in elasticity and in elasto-
plasticity. The Young’s modulus and plastic parameters for Von Mises and Druck–
Prager criteria are well characterized. The iterative process converges very quickly
and stably, whether the rock mass is modelled by linear elastic or nonlinear
behaviour.
References
[1] Gioda G, Maier G. Direct search solution of an inverse problem in elastoplasticity: identiﬁcation of
cohesion, friction angle and in situ stress by pressure tunnel tests. Int J Numerical Methods Eng
1980;15:1823–48.
[2] Sakurai S. Interpretation of ﬁeld measurements in tunneling practice. In: Vouille G, Berest P, editors.
9th Int. Congress on Rock Mechanics (Paris). Balkema; 1999.
[3] Cividini A, Jurina L, Gioda G. Some aspects of ‘characterization’ problems in geomechanics. Int J
Rock Mech Min Sci Geotech Abstr 1981;18:487–503.
[4] Sakurai S, Takeuchi K. Back analysis of measured displacements of tunnels. Rock Mechanics and
Rock Engineering 1983;16:173–80.
[5] Gioda G, Sakurai S. Back analysis procedures for the interpretation of ﬁeld measurements in geo-
mechanics. Int J Numerical Analytical Methods Geomechanics 1987;11:555–83.
[6] Gioda G, Pandolﬁ A, Cividini A. A comparative evaluation of some back analysis algorithms and
13
their applications to in situ load tests. Proc of 2nd int Symp on ﬁeld measurements in geomechanics
(Kobe) 1987:1131–44.
[7] Gioda G. Some remarks on back analysis and characterization problems. Proc ﬁfth int conf on
numerical methods in geomechanics (Nagoya) 1985:47–619.
[8] Sakurai S, Akutagawa S, Tokudome O. Characterization of yield function and plastic potential
function by back analysis. Computer methods and advances in geomechanics, Siriwardane and
Zaman, Eds., Balkema, 1994:2011–6.
[9] Constantinescu A, Nguyen-Minh D. An inverse problem approach in mining subsidence. Proc 1st
Asian rock mechanics symp (Seoul) 1997:199–204.
[10] Rota L. Application de me´thodes inverses au de´pouillement de l’essai aux barres de Hopkinson. PhD
thesis, Ecole Polytechnique; 1997.
[11] Deng D, Nguyen-Minh D. Back analysis on mechanical behavior of joints, using a new method
based on virtual work principle. In: Computer methods and advances in geomechanics—proc. of
10th int. conf. of IACMAG (Tucson), Vol. 2. 2001. p. 915–9.
[12] Deng D, Nguyen-Minh D, Constantinescu A, Vieira A, Sousa LR. Back analysis method for loading
parameters in ‘CV-CF’ tunnel calculation—application to a case history. Travaux en Souterrain,
Ambitions et Re´alite´s, AFTES—Journe´s d’E´tudes Internationales de Paris (Paris) 1999:189–95.
14
